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Two-loop Wess-Zumino model with exact supersymmetry on the lattice
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We consider a lattice formulation of the four dimensional N = 1 Wess-Zumino model in terms of the
Ginsparg-Wilson relation. This formulation has an exact supersymmetry on the lattice. The lattice action is
invariant under a deformed supersymmetric transformation which is non-linear in the scalar fields and it is
determined by an iterative procedure in the coupling constant to all orders in perturbation theory. We also
show that the corresponding Ward-Takahashi identity is satisfied at fixed lattice spacing. The calculation is
performed in lattice perturbation theory up to order g3 (two-loop) and the Ward-Takahashi identity (containing
110 connected non-tadpole Feynman diagrams) is satisfied at fixed lattice spacing thanks to this exact lattice
supersymmetry.
PACS numbers: 11.15.Ha,12.38.Bx,12.60.Jv
Introduction. Non-perturbative dynamics play an important
role in the theory of supersymmetry breaking needed in or-
der to produce a low-energy four-dimensional effective action
with a residual N = 1 supersymmetry. For this reason, much
effort has been dedicated to formulating a lattice version of
supersymmetric theories (see [1–6]).
The major obstacle in formulating a supersymmetric theory
on the lattice is that the supersymmetry is a part of the super
Poincare´ group, which is explicitly broken by the lattice. Or-
dinary Poincare´ invariance is also broken by the lattice, but
the operators that violate Poincare´ symmetry are all irrelevant
(i.e., goes to zero in the continuum limit, a → 0). In the
case of a supersymmetric theory, these operators are relevant
and a fine tuning is needed in order to eliminate their contri-
bution. This is the case of the Wilson fermion approach for
the N = 1 super Yang-Mills theory, in which the only opera-
tor that violates the N = 1 supersymmetry is a fermion mass
term [7]. By tuning the fermion mass to the supersymmetric
limit, one recovers supersymmetry in the continuum limit (see
for example Ref. [8–11]). Alternatively, using domain wall
fermions [12, 13] this fine tuning is not required. See also
Ref. [14, 15]. This is in contrast with lower dimensional mod-
els (with extended supersymmetry) where the lattice symme-
tries can eliminate the need for such a fine tuning. Basically,
the strategy here is to realize part of the supercharges as an
exact symmetry on the lattice. This exact supersymmetry is
expected to play a key role to restore continuum supersym-
metry without (or with less) fine tuning [16–22].
We consider the N = 1 four dimensional lattice Wess-
Zumino model introduced in Refs. [23–25] and studied in
[26, 27] (for a numerical approach see Refs. [28–30]). Al-
though it is a toy model, all the difficulties of lattice supersym-
metry are already present. A necessary condition to have exact
lattice supersymmetry is that the associated Ward-Takahashi
identity (WTi) has to be exactly satisfied on the lattice. That
exact symmetry is responsible for the restoration of supersym-
metry in the continuum limit without fine tuning of the param-
eters of the action.
Here we extend the formulation introduced in [26] and
show that it is possible to define a deformed lattice supersym-
metric transformation which leaves the full action invariant at
fixed lattice spacing, to all orders in perturbation theory. This
transformation is nonlinear in the scalar fields. The action and
the transformation are written in terms of the Ginsparg-Wilson
operator and reduce to their continuum expression in the naive
continuum limit [26]. Since in presence of any exact symme-
try all the WTi are fulfilled, we did checked that the simplest
non trivial one, i.e., the one-point WTi, is exactly satisfied on
the lattice for both, one-(order g) and two-(order g3) loop. Al-
though, in a one-point WTi calculation the order g3 is a non
trivial zero, it shows cancellations between fermion and scalar
fields contributions as required by the supersymmetry. This
result extend to two-loop order the results already obtained in
[27] for a different WTi, i.e., the one loop (two-points) WTi
(order g2). In this case, the exact lattice supersymmetry de-
termines the finite part of the scalar and fermion renormaliza-
tion wave function which coincide in the continuum limit and
leads to the restoration of the continuum supersymmetry.
In the following, we briefly review the N = 1 four di-
mensional lattice Wess-Zumino model based on the Ginsparg-
Wilson fermion operator, and shows how to build up a lattice
supersymmetry transformation which is an exact symmetry of
the lattice action, to all orders in perturbation theory. In the
remaining part, we derive the WTi and explicitly check that
the one-point WTi up to two loop is exactly satisfied at fixed
lattice spacing.
The lattice Wess-Zumino model. We formulate the lattice
Wess-Zumino model in four dimensions introducing a Dirac
operator D that satisfies the Ginsparg-Wilson relation [31],
γ5D +Dγ5 = aDγ5D . (1)
This relation implies a continuum symmetry of the fermion
action which may be regarded as a lattice form of the chiral
symmetry [32, 33] and protects the fermion masses from ad-
ditive renormalization. Although our analysis is valid for all
D’s that satisfy Eq. (1), we use the solution given by Neu-
berger [34, 35],
D =
1
a
(1 −X 1√
X†X
) , X = 1− aDw , (2)
Dw =
1
2
γµ(∇⋆µ +∇µ)−
a
2
∇⋆µ∇µ (3)
2and ∇µφ(x) and ∇⋆µφ(x), are the forward and backward lat-
tice derivatives, respectively. Plugging Eq. (3) in (2) we find
it convenient to isolate in D the part containing the gamma
matrices [26], and write D as, D = D1 + D2, where D1 =
1
4Tr(D) and D2 =
1
4γµTr(γµD). More explicitly we have,
D1 =
1
a
[1− (1 + a
2
2
∇⋆µ∇µ)
1√
X†X
] , (4)
D2 =
1
2
γµ(∇⋆µ +∇µ)
1√
X†X
≡ γµD2µ . (5)
In terms of D1 and D2 the Ginsparg-Wilson relation (1) be-
comes [26],
D21 −D22 =
2
a
D1 , and (1− a
2
D1)
−1D22 = −
2
a
D1 . (6)
The action of the 4-dimensional Wess-Zumino model on the
lattice was introduced in Refs. [23–25]. In our notation,
SWZ =
∑
x
{1
2
χ¯(1− a
2
D1)
−1D2χ− 2
a
φ†D1φ
+ F †(1− a
2
D1)
−1F +
1
2
mχ¯χ+m(Fφ+ (Fφ)†)
+ gχ¯(P+φP+ + P−φ†P−)χ+ g(Fφ2 + (Fφ2)†)} ,
where φ and F are scalar fields and χ is a Majorana fermion
that satisfies the Majorana condition: χ¯ = χTC and C is
the charge conjugation matrix that satisfies: CT = −C and
CC† = 1. Moreover, CγµC−1 = −(γµ)T and Cγ5C−1 =
(γ5)
T
. In the continuum limit, i.e., a → 0, SWZ reduces to
the continuum Wess-Zumino action,
S =
∫
{1
2
χ¯(6 ∂ +m)χ+ φ†∂2φ+ F †F +m(Fφ+ (Fφ)†)
+ gχ¯(P+φP+ + P−φ†P−)χ+ g(Fφ2 + (Fφ2)†)} .
If one defines the real components by φ→ 1√
2
(A+iB) and
F → 1√
2
(F − iG), the Wess-Zumino action can be written as
a free part or kinetic term, S0, plus the interaction term, Sint,
SWZ = S0 + Sint, as,
S0 =
∑
x
{1
2
χ¯(1− a
2
D1)
−1D2χ− 1
a
(AD1A+BD1B)
+
1
2
F (1− a
2
D1)
−1F +
1
2
G(1− a
2
D1)
−1G} ,
Sint =
∑
x
{1
2
mχ¯χ+m(FA+GB)
+
1√
2
gχ¯(A+ iγ5B)χ+
1√
2
g[F (A2 −B2) + 2G(AB)]}
and from here we get the propagators for the scalar and
fermion fields:
〈AA〉 = 〈BB〉 = −M−1D−11
〈FF 〉 = 〈GG〉 = 2
a
M−1D1 = −M−1D−11 D22
〈AF 〉 = 〈BG〉 = mM−1
〈χχ¯〉 = (D−11 D2 +m)−1 = −M−1(D−11 D2 −m) , (7)
whereD−11 ≡ (1− a2D1)−1 andM−1 ≡ [ 2aD1(1− a2D1)−1+
m2]−1 and the Ginsparg-Wilson relation (6) has been used to
rewrite the auxiliary fields propagators. Despite the appear-
ance of the operator (1 − a2D1)−1, there are no would be
doublers and the propagators are regular (see appendix A of
Ref. [27] for details). For a non-perturbative approach that
shows localization of this operator, see Refs. [28, 29].
The supersymmetric transformation. As was discussed in
[23] and then shown in [26], S0 is invariant under a lattice
supesymmetric transformation,
δA = ε¯χ = χ¯ε , δB = −iε¯γ5χ = −iχ¯γ5ε
δχ = −D2(A− iγ5B)ε− (F − iγ5G)ε
δF = ε¯D2χ , δG = iε¯D2γ5χ , (8)
which is similar to the continuum one except for replacing the
continuum derivative with the lattice one, D2µ. Indeed, [26]
the variation of S0 under this transformation is
δS0 =
∑
x
{χ¯(1− a
2
D1)
−1D2[−D2(A− iγ5B)ε−
(F − iγ5G)ε]− 2
a
χ¯εD1A+
2i
a
χ¯γ5εD1B+
(ε¯D2χ)(1− a
2
D1)
−1F + i(ε¯D2γ5χ)(1− a
2
D1)
−1G} .
Using the Ginsparg-Wilson relation (6) and integrating by part
(details in [26]) we get:
∑
x
{−χ¯ε[(1− a
2
D1)
−1D22 +
2
a
D1]A+ iχ¯γ5ε[
(1− a
2
D1)
−1D22 +
2
a
D1]B − χ¯(1 − a
2
D1)
−1D2(F − iγ5G)ε
+ χ¯D2ε(1− a
2
D1)
−1F + iχ¯D2γ5ε(1− a
2
D1)
−1G} = 0 .
As discussed in [26, 27], the variation of Sint under the su-
persymmetric transformation (8) does not vanish due to the
failure of the Leibniz rule at finite lattice spacing [36]. In
order to discuss the symmetry properties of the lattice Wess-
Zumino model one possibility would be to modify the action
by adding irrelevant terms that make the full action invari-
ant [37]. Another possibility is to modify the supersymmet-
ric transformation (8) so that Sint has an exact symmetry for
a 6= 0. We shall see that this procedure is only possible if we
use fermions that satisfy Eq. (1). Since the transformation (8)
leaves invariant S0, the modification should vanish for g = 0.
The supersymmetric transformation that leaves invariantSWZ
is similar to Eq. (8) where the only difference is in the varia-
tion of the fermion field [26],
δχ = −D2(A− iγ5B)ε− (F − iγ5G)ε+ gRε (9)
where R is a function to be determined order by order in per-
turbation theory imposing the condition δSWZ = 0. Expand-
ing R in power of g [26]:
R = R(1) + gR(2) + g2R(3) + · · · (10)
3and imposing the symmetry condition order by order in per-
turbation theory we find [26]
R(1) = ((1− a
2
D1)
−1D2 +m)−1∆L (11)
where
∆L ≡ 1/
√
2{2(AD2A−BD2B)−D2(A2 −B2)
+ 2iγ5[(AD2B +BD2A)−D2(AB)]} . (12)
For n ≥ 2
R(n) = −
√
2((1− a
2
D1)
−1D2 +m)−1(A+ iγ5B)R(n−1) .
Notice that the operator ((1− a2D1)−1D2 +m)−1 is the free
fermion propagator and Eq. (9), as the function R, are non-
linear in the scalar fields. Inserting these results in Eq. (10),
the function R to be used in Eq. (9) resumed to all order in
pertubation theory is :
R = [(1− a
2
D1)
−1D2+m+
√
2g(A+ iγ5B)]
−1∆L . (13)
Thanks to the Ginsparg-Wilson relation (encoded in (6)) we
were able to resummed up Eq. (10) to obtain Eq. (13), which
contains all orders in perturbation theory and is a closed form
that can be used for numerical simulations. In the limit a→ 0
Eq. (9) becomes (8) since ∆L vanishes in this limit. ∆L is
different from zero due to the breaking of the Leibniz rule at
finite lattice spacing. This resummation would not have been
possible using Wilson’s fermions [38]. Now we want to show
that the full Wess-Zumino action, SWZ , is invariant under the
supersymmetric tranformation (with Eq. (9)) and include all
orders in perturbation theory. Indeed, its variation is
δSWZ =
∑
x
{gχ¯[(1− a
2
D1)
−1D2R +mR]ε
− g√
2
[2χ¯(A+ iγ5B)D2(A− iγ5B)ε
− χ¯D2(A− iγ5B)2ε] +
√
2g2χ¯(A+ iγ5B)Rε} .
Using Eq.(13) after some algebra we get, indeed zero:
δSWZ =
∑
x
{gχ¯∆Lε− g√
2
[2χ¯(A+ iγ5B)D2(A− iγ5B)
− χ¯D2(A− iγ5B)2ε]} = 0 .
One-point Ward-Takahashi identity to two-loop. Before
going to two loop (order g3) we first want to show how
to obtain a WTi. This will be useful for the more in-
volved calculation at two loop. The WTi is derived from
the generating functional which is given by, Z[Φ, J ] =∫ DΦexp−(SWZ + SJ), where SJ is the source term, SJ =∑
x JΦ ·Φ ≡
∑
x{JAA+JB B+JF F+JGG+ η¯χ}. Using
the invariance of both, the Wess-Zumino action and the mea-
sure with respect to the lattice supersymmetric transformation
(9), the WTi reads, 〈JΦ · δΦ〉J = 0, where δΦ is given in (9).
We start with the simplest (one-point) WTi which is gener-
ated by taking the derivative with respect to η¯ and setting to
zero all the sources, that is:
〈D2(A− iγ5B)〉+ 〈F 〉 − iγ5〈G〉 − g〈R〉 = 0 . (14)
The order O(g) of this WTi is given by:
〈D2(A− iγ5B)〉(1) + 〈F 〉(1) − iγ5〈G〉(1) − g〈R(1)〉(0) = 0 ,
(15)
where the notation 〈O〉(n) indicates the n−order (in g) contri-
bution to the expectation value of O. Using Eq. (7) it is easy
to see that this WTi is satisfied, which means that when we
insert all the terms into the WTi (15), the result is zero (notice
that 〈AA〉 = 〈BB〉 and 〈AF 〉 = 〈BG〉). For instance,
〈D2Ax〉(1) = g√
2
D2xy[〈AyFu〉(〈AuAu〉 − 〈BuBu〉)
+ 2〈AyAu〉(〈AF 〉u + 〈BG〉u − 1
2
Tr〈χ¯χ〉u)] = 0 .
Similarly, 〈G〉(1) = 0 because of Tr(γµ) = 0 and
〈Fx〉(1) = g√
2
[〈FxFu〉(〈AA〉u − 〈BB〉u)
+ 2〈FxAu〉(〈AF 〉u + 〈BG〉u − 1
2
Tr〈χuχ¯u〉)] = 0 .
Finally, the term including R is given by,
g〈R(1)x 〉(0) = g〈χuχ¯u〉(2D2yl〈AyAl〉 − 2D2yl〈ByBl〉
−D2yl〈AA〉l +D2yl〈BB〉l) = 0 .
Now we are ready to verify that the two loop order, g3, in
a one-point WTi is satisfied at fixed lattice spacing. The cal-
culation is not trivial and contains 110 connected non tadpole
Feynman diagrams (from F and the operator R). The tadpole
contributions cancel out separately. We start from Eq. (14):
〈D2(A−iγ5B)〉(3) + 〈F 〉(3) − iγ5〈G〉(3) − g〈R(1)〉(2)
− g2〈R(2)〉(1) − g3〈R(3)〉(0) = 0 . (16)
The first term of this WTi is zero because of the δ-momentum
conservation and D2(k = 0) = 0. Also iγ5〈G〉(3) is trivially
zero. Then, one is left with,
〈F 〉(3) − g〈R(1)〉(2) − g2〈R(2)〉(1) − g3〈R(3)〉(0) = 0 . (17)
To calculate the expectation value of F one has to insert the
interaction term until order g3, as,
〈Fx〉(3) = g3/(2
√
2)〈Fx{
[(χ(A+ iγ5B)χ¯)u + (F (A
2 −B2) + 2GAB)u]
[(χ(A+ iγ5B)χ¯)v + (F (A
2 −B2) + 2GAB)v]
[(χ(A+ iγ5B)χ¯)w + (F (A
2 −B2) + 2GAB)w ]}〉(0)
where u, v, w are dummy indices. For the remaining terms of
the WTi (17) involving the operator R, we have:
g〈R(1)x 〉(2) = g3/2〈χχ¯〉xy〈∆Ly{
[(χ(A+ iγ5B)χ¯)u + (F (A
2 −B2))u + 2(GAB)u]
[(χ(A+ iγ5B)χ¯)v + (F (A
2 −B2))v + 2(GAB)v]}〉(0) ,
4where ∆L is given in Eq. (12) and R(1) in (11). The second
term R(2) is given by,
g2〈R(2)x 〉(1) = −g3〈(D−11 D2 +m)−1xz (Az + iγ5Bz)
(D−11 D2 +m)
−1
zu∆Lw[(χ(A+ iγ5B)χ¯)w
+ (F (A2 −B2))w + 2(GAB)w ]〉(0) .
The last term, R(3), is given by,
g3〈R(3)x 〉(0) = 2g3〈(D−11 D2 +m)−1xy (Ay + iγ5By)
(D−11 D2 +m)
−1
yz (Az + iγ5Bz)(D
−1
1 D2 +m)
−1
zw∆Lw〉(0) .
We now write the contribution of 〈R(2)x 〉(1)NT and 〈R(3)x 〉(0)NT ,
which contains 19 and 12 connected non-tadpole diagrams,
respectively:
g2〈R(2)x 〉(1)NT = −g3/
√
2{〈χχ¯〉xz〈χχ¯〉zu[〈AzFw〉(
4〈AuAw〉D2uv〈AvAw〉+ 4〈BuBw〉D2uv〈BvBw〉
− 2D2uv〈AvAw〉〈AwAv〉 − 2D2uv〈BvBw〉〈BwBv〉)
+ 〈AzAw〉(4〈AuFw〉D2uv〈AvAw〉
+ 4〈AuAw〉D2uv〈AvFw〉
− 4〈BuGw〉D2uv〈BvBw〉 − 4〈BuBw〉D2uv〈BvGw〉
− 2D2uv〈AvFw〉〈AwAv〉+ 2D2uv〈BvGw〉〈BwBv〉)]
+ 〈χχ¯〉xzγ5〈χχ¯〉zuγ5[〈BzBw〉(4〈AuFw〉D2uv〈BvBw〉
− 4〈AuAw〉D2uv〈BvGw〉+ 4〈BuBw〉D2uv〈AvFw〉
− 4〈BuGw〉D2uv〈AvAw〉 − 4D2uv〈AvFw〉〈BvBw〉
+ 4D2uv〈AvAw〉〈BvGw〉) + 〈BzGw〉(
− 4〈AuAw〉D2uv〈BvBw〉 − 4〈BuBw〉D2uv〈AvAw〉
+ 4D2uv〈AuAw〉〈BvBw〉)} = 0 , (18)
and
g3〈R(3)x 〉(0)NT = 2
√
2g3〈χχ¯〉xy{〈χχ¯〉yz〈χχ¯〉zw[
〈AyAw〉D2wl〈AzAl〉+ 〈AzAw〉D2wl〈AyAl〉
−D2wl〈AyAl〉〈AzAl〉]− 〈χχ¯〉yzγ5〈χχ¯〉zwγ5[
〈AyAw〉D2wl〈BzBl〉+ 〈BzBw〉D2wl〈AyAl〉
−D2wl〈AyAl〉〈BzBl〉]− γ5〈χχ¯〉yz〈χχ¯〉zwγ5[
〈AzAw〉D2wl〈ByBl〉+ 〈ByBw〉D2wl〈AzAl〉
−D2wl〈ByBl〉〈AzAl〉] + γ5〈χχ¯〉yzγ5〈χχ¯〉zw[
〈ByBw〉D2wl〈BzBl〉+ 〈BzBw〉D2wl〈ByBl〉
−D2wl〈ByBl〉〈BzBl〉]} = 0 . (19)
A similar procedure is used to determined, 〈R(1)x 〉(2)NT = 0 and
〈Fx〉(3)NT = 0. They contain 32 and 47 diagrams, respectively.
Concluding Remarks. We showed that the lattice Wess-
Zumino model in four dimensions is invariant under a de-
formed supersymmetric transformation to all orders in per-
turbation theory. As a non-trivial check, we performed a two
loop calculation of a one-point WTi associated with this lat-
tice supersymmetry and we showed that it is exactly satisfied
at fixed lattice spacing. This guarantees the restoration of su-
persymmetry in the continuum limit without fine tuning. Al-
though each term in Eq. (16) vanishes separately (due to the
fact that we are investigating a one-point WTi), the cancella-
tion happens between bosons and fermion fields in each term
of Eq. (16), as it is required in supersymmetry. Moreover, the
expectation value of R is zero. This result is not in contradic-
tion with the one in Ref. [27] in which a one-loop (two-point)
WTi was investigated and a finite value of 〈R〉 was founded.
The reason is that one-point WT-identities do not contribute to
the renormalization of the wave function of scalar and fermion
fields.
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